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Abstract 
The aim of this paper is to investigate MFD estimation methods from traffic states observations. To eliminate all the 
experimental bias, traffic situations will be determined from a simulation tool that encompasses an equilibrium model (the LWR 
model). Three methods will be compared: (i) the analytical method that provides the upper bound of the MFD, (ii) the 
“production” method that requires vehicles trajectories and (iii) the “loop detector” method that aggregates flow, speed and 
occupancy observations. This latter method will be thoroughly examined to quantify the impact of loop detector positions (spatial 
distribution, distance from traffic signals …) and of heterogeneities in traffic states. Recommendations will finally be drawn to 
improve the global understanding on MFD and to better define methods to calibrate them. 
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1. Introduction 
 
Daganzo (2007) has recently introduced the concept of Macroscopic Fundamental Diagrams (MFD) to describe 
the state of evenly loaded road networks at an aggregated level. This relation between density and flow, or their 
aggregated counter-part, could allow simulating large networks while preserving the dynamic nature of congestion. 
In a large scale on-site experiment, Geroliminis and Daganzo (2008) have exhibited such a relation on a 
congested network which covers about 10km² of Yokohama down town using traffic detectors. MFD have been also 
obtained on large simulated network (Daamen, 2010) even if a lot of scatter altered the part representing the state of 
a heavily congested network. 
Those results have shown that some obstacles may arise when calibrating a MFD for a network. For instance the 
MFD’s shape may vary with origin-destination (O-D) demands (Laval, 2010). Disparity in loop-detector positioning 
also seems to have a great influence on the MFD’s shape (Buisson, 2009). Other network characteristics and 
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environment variables may have visible impact on the MFD. The nature and importance of alteration that network 
variations can cause are not well understood as of today. 
To avoid the on-site variability one would try a theoretical approach of MFDs. But few tools are available to 
predict their shape. It is possible (Daganzo and Geroliminis, 2008)(Geroliminis and Boyacı, 2011) to obtain a 
MFD’s analytical expression for very simple networks provided strong regularity hypothesis are assumed, but this is 
difficult for more irregular and/or complex networks. 
A third way exists to obtain MFD. By deriving traffic state using Edie’s average (Edie, 1963) from the vehicles 
trajectories it is possible to compute an unbiased MFD on reasonably complex network. As this method needs the 
vehicles trajectories, it is realisable almost exclusively using a simulation tool. 
At first this paper aims to compare the three methods to determine a network’s MFD. The methods to obtain the 
MFD are presented along with the methodology used to compare them together. We will be using microscopic 
simulation software to draw conclusion regarding the comparison. Using a controlled environment is necessary 
since it allows us to have access to vehicle trajectories while being able to control every environment variables and 
network characteristics. This work will use the LWR model (Lighthill and Whitham, 1955) (Richards, 1956). 
Afterwards we will study the influence of some network characteristics on the MFD shape. 
2. Methods for computing an MFD 
2.1. Analytical approach 
The analytical approach used in this study is described in depth in (Daganzo and Geroliminis, 2008) and refined 
in (Geroliminis and Boyacı). They assumed the network to have a fixed number of lanes and any number of 
intersections. The intersections are controlled by traffic signals. Also, vehicles in the network are conserved, e.g. the 
network is circular. Under these hypotheses it can be proven (Daganzo and Geroliminis, 2008) that the MFD 
network can be expressed as: 
 
 
(1) 
 
with u being the speed of a moving observer that travels across the network. u is comprised between –w, the 
congested wave speed, and uf, the free flow speed. R(u) is an upper bound for the number of vehicles that can 
overtake an observer moving at the average speed of u. 
Evaluating the overtaking rate can be difficult for all speeds. Daganzo has shown (2005) that for each average 
speed u, an optimal piece-wise linear path exists: the observer either stops at a traffic light or moves at uf or  
-w. For these passing speed rates are easier to compute. A line defined for u by q = R(u) + ku is called a cut and this 
is an upper bound for the flow for any k. These cuts define the MFD’s shape. 
For this study we have chosen to use a network with additional regularity characteristics. Observers’ speeds are 
only dependant on the number of stops they make at red signals. This number is noted γ. The fastest observer will 
cross the maximum number of intersections before stopping. We denote this number γmax. Observers moving 
forward or backward may have a different γmax. In both directions, cuts are defined by γ, which ranges from 0 to γmax. 
An additional cut exists for a stationary observer. 
Direct formulae are available to compute the cuts’ equation from the network characteristics and the fundamental 
relation parameters (Daganzo and Geroliminis, 2008). Furthermore, it can be verified that not all cuts are 
meaningful. At most two cuts for each direction and the stationary cut need to be computed. 
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Figure 1: MFD’s envelop as defined by the cuts. 
2.2. Trajectories-based approach 
The aim of this approach is to have a measurement that encompasses all the phenomena that a vehicle may 
encounter when travelling through the network. The easiest way to take account of every traffic state variation 
during trips across the network is to use the trajectories. 
The formulae used to compute the density and flow from the trajectories are those proposed by Edie (1963). They 
are based on the observation of vehicles across a space-time window whose size is ΔtΔx. By taking li and ti, 
respectively the length traveled and the time spent in the area by vehicle i, we have: 
 
 
(2) 
 
The main difficulty in using this method is the definition of the space-time window. The area has to be of a 
“good” size in order to observe a network portion that will highlight the expected behaviors in the analytical 
approach. 
In the case of a network with intersections controlled only by traffic signals, an undersized area without enough 
sections could have an Edie flow greater than the theoretical maximum. Vehicles that would have been stopped at a 
later signal will pass through the window without stopping at a signal. Thus they appear to be faster than the fastest 
moving observer. Enough sections are required to see each vehicle stopped by a signal least once. The minimal 
number of sections is: 
 
 
 
 
Also, in a simulated network the creation of vehicles at the network entry or the exit bottleneck used to cause a 
congested state can generate some undesirable edge-effects that must be eliminated. This is why we do not take into 
account the first and last sections for the calculations. 
The time window duration is as important as the size of the area. In addition to the network warm-up time, the 
duration of the observation needs to be a multiple of the signal cycle length. Not doing so could lead to performing 
calculations on a different number of red and green phases and artificially raising or decreasing the computed flow 
and density. 
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2.3. Virtual loop detectors 
To compare the two previous MFD computation methods with a more realistic one, we have used virtual  
loop-detectors. These detectors can be placed anywhere in the network and give density and flow aggregated over a 
certain duration. Again Edie’s formulae for density and flow are used, this time on a much smaller time-space area. 
In order to ensure we get consistent data with real loop detector data, the virtual length should be roughly 
equivalent to a real loop detector extension on the road. The aggregation is performed for the same duration as for 
the trajectories-based approach. The formulae can produce densities greater than the maximum density kx if the 
space-time window length is smaller than the average vehicle length. To avoid this bias a minimum length of 1/kx is 
chosen. The data of each virtual detector is combined to obtain network wide averages which can be compared to 
the results of the previous methods. We use weighted averages as defined in (Geroliminis and Daganzo, 2008): 
 
 
(3) 
3. Comparison framework 
A microscopic traffic simulation tool is used to compare the three previously described methods. This allows 
controlling every aspect of the simulated environment and gives access to vehicle trajectories. As the analytical 
approach is the most constraining, it enforces most of the parameters of the simulated network. The simulation set-
up is as close as possible to the situation described in appendix B of (Geroliminis and Daganzo, 2008). 
We use a very simple network that spans identical sections of length l. Each intersection between sections is 
controlled by a traffic signal. All the signals have the same cycle: duration C and green phase G. The signal shift, 
noted δ, from one intersection to another is constant. There are no input or output flows possible at these 
intersections. All vehicles will enter on the first network section and exit after having travelled across all the 
sections. The network parameters chosen are summarized in the following table. 
Table 1: Network parameters. 
Variable Value 
Block's length 150 m 
Signal cycle 90 s 
Green phase 60 s 
Shift between signals 5 s 
 
The simulation software, called SymuVia, used to carry out this study is developed at LICIT. It implements a 
Lagrangian microscopic discretisation of the LWR traffic model. The resulting car-following model is described in 
(Newell 2002) and (Leclercq et al. 2007). The creation of vehicles follows a uniform distribution with respect to the 
input flow. In relation with the analytical approach a triangular shape for the DF has been designed. The traffic 
parameters are grouped in the table 2. 
Table 2: Traffic parameters. 
Variable Value 
Free flow speed, uf 15 m/s 
Max density, kx 0.2 veh/m 
Wave speed, ω 5 m/s 
Critical density, kc 0.05 veh/m 
Capacity, qx 0.75 veh/s 
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When applied to the parameter set chosen, the analytical formulae define four meaningful cuts for the MFD 
envelope. The computed values for γmax are γforward max = 13 and γbackward max = 2. The meaningful cuts are the forward 
cut at γforward=12, the stationary cut, and two backward γ=1 and γ=2. 
The network has a total of 17 sections. This number was determined as the best compromise between a 
reasonably short length and enough sections for computations. The 2 sections at each end serve as buffer zones to 
avoid edge effects. Only the middle 13 are actually observed. 
 
Figure 2: The cuts, the fundamental diagram and its macroscopic counterpart computed using the trajectory-based method. 
It should be noted that the contribution of the stationary cut is so reduced it may appear that forward, backward 
and stationary cuts intersect at the same point. Also, our situation is a special case where the γforward max cut does not 
constrain the shape of the MFD as its intersection point with the γ=12 cut is the origin of the density-flow plane. 
4. Validating the trajectories-based approach 
As illustrated by Figure 2, the trajectory-based MFD follows the cuts very closely. The trajectories-based MFD 
seems to exceed the backward cut γ=2 but the difference is only of 3×10-3 vehicles per second. Elsewhere the two 
diagrams match perfectly. There are several reasons for this difference: (i) the analytical approach is based on flow, 
whereas the results here are provided by a microscopic simulation tool; (ii) in congested state for a given demand, 
the bottleneck effect on vehicle velocities can cause changes to the traffic flow upstream for several sections, 
thereby altering the equilibrium. 
Preventing (i) is quite hard since it involves using input flow levels that will result in an integer value for vehicles 
passing through the traffic lights during each green phase. We have chosen input flow levels to be as close as 
possible to the ideal case for every intersection, but small errors remain and can accumulate due to the large number 
of vehicles dealt with on a fairly large number of sections. 
Contrary to (i), (ii) is quite simple to avoid but the solution involves the addition of more sections at the end of 
the network. More sections mean a greater length to simulate and longer computing time. The cost was too great for 
a relatively small error. 
As the analytical approach and the trajectories-based approach are identical on the test network, we use the 
trajectories-based MFD later on to carry the comparison with the data from the virtual detectors. 
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5. Comparison of theoretical and data derived MFD 
5.1. Computing MFD by using the virtual detector data 
Given that the position of the loop detectors can have an impact on the MFD’s shape (Buisson, Ladier, 2007), 
several cases were considered for the positions of the virtual detectors. Firstly, all detectors were placed at the same 
distance from traffic signals. Then the effect of random positioning following different distributions was studied, i.e. 
uniform distributions across the whole sections and across a part of each section and normal distributions with 
different means and variances. 
 
 
Figure 3: Regular repartition vs. Uniform repartition 
5.1.1. Constant distance between detectors and traffic lights 
 
Figure 4: Data for different constant distances between detectors and signals 
This is the simplest set-up for the detector. With a perfectly regular network, all the detectors should observe the 
same traffic situation. This is well illustrated by Figure 4. We can also observe that almost no points are on the MFD 
and that a large number of them are on the DF. No detectors measure a flow greater than the stationary cut. 
When in free flow state, the detectors far from the signals (green dots on Figure 4) only detect vehicles that drive 
at the speed of uf since they have just left the previous signal. This is why the free flow points are on the FD for the 
farthest detectors. When the detectors move closer to the section signal they are more likely to observe the red phase 
queue. The resulting points (red dots on Figure 4) move away from the DF since they record a lower speed and a 
higher density. 
In congested state the more remote detectors detect either stop-and-go waves or “holes” in the vehicle flow (due 
to the previous signal being red no vehicles are observed for some time). They observe a lesser average density than 
the closest detectors which are more likely to observe only stop-and-go waves during the full observation period. 
Holes in the space-time trajectories plan also explain that the closer detectors observe traffic states on the DF 
only for higher densities and lower flows. When the traffic is lightly congested the “hole” is bigger than when the 
flow is reduced and the network heavily congested. 
Those observations suggest that a well-defined MFD is not likely to be observed when all the detectors are at the 
same distance from signals. 
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5.1.2. Uniform repartition of detectors 
In this case of detectors repartition we have observed a better defined MFD than for the previous placement. The 
factor that seems to exercise greatest influence on the MFD shape is the size of the section part in which we allow 
the detectors. 
Figure 5a shows the data for different detectors placements. All are randomly determined with a uniform 
distribution over the entire section length. The resulting MFD is close to the trajectories-based. 
On the congested side of the diagram one can observe that for any given flow there are more points inside the 
MFD than outside. A point is inside the MFD when the measured density is lower than expected. This is particularly 
visible when the flow is greater than 0.25 veh/s. For such values the “holes” as defined previously in the time-space 
trajectories plan may extend to more than half of the section. The detectors are then more likely to be placed on a 
part of the section where a hole can be observed. Thus there are more records of a low density. 
This is verified using a regular repartition of detectors (Figure 5b). With this detectors placement and our 
perfectly regular network all the traffic situations will be observed by exactly one virtual detector. In this case the 
low density situations are observed by a proportion of detectors that match their extension. Thus the aggregated state 
is on the trajectory-based MFD. 
The free flow points on Figure 5b are above the trajectories-based previsions. In free flow, the queues generated 
by red phase are very reduced: at 0.4 veh/s they contain only 4 vehicles. So even with a regular detectors repartition 
this situation is covered by at most one detector and sometime not covered at all. When the detectors’ data are 
averaged for the network the relative weight of this coverage is smaller than the queues contribution to average 
vehicles’ speeds. 
Figure 5c and 5d show that, as with constant distance detector positioning, the closer the detectors are to the 
section signal, the closer the points are to the FD. In the two cases displayed the free flow state points are on the 
fundamental diagram. The detectors are still too far from the signals to observe the queues in free flow. A trial with 
a uniform distribution between 0m and 30m would show that the free flow state part is very close to the case 
d < 20m in Figure 3. 
The two simulations (Figure 5c and 5d) produce MFD that are quite different from the trajectories-based 
predictions but resemble the MFD shown in Figure 3, with d = 125m and d = 75m respectively. More reduced 
lengths for detectors would lead to a figure even more similar to those obtained with the detector distributions in 
5.1.1. 
The uniform distribution trials tend to show that the MFD obtained with detectors is better defined when the 
distribution covers as many traffic situations as possible. 
5.1.3. Normal distribution of detectors 
The use of a normal distribution of detectors produces more scattered results than the uniform distribution. The 
free flow state is particularly scattered. Contrary to the uniform distribution for which the interval in which one 
detector is assigned to is enforced, a detector can be placed anywhere on the section for the normal distribution 
which may be the cause scattering. The overall shape is close to Figure 3 for d = 25m, though smoothed. 
The shape can be also compared with that obtained for a uniform detector distribution centered on a similar 
distance (e.g. Figure 5d), especially for the congested part of the diagram. 
Our trials with several different variances do not show much variability of the MFD shape regarding this 
parameter. Figure 7a shows that if the distribution is subject to scatter due to the closeness of the signal, then a 
greater variance will increase the dispersion. Figure 7b illustrates the impact of variance for a distribution centered 
on a position far from the signal. In this case the dispersion is increased less by greater variance. 
This kind of detector distribution produces less noisy MFD than the constant distance distribution. The shape of 
the MFD is greatly dependent on the parameters chosen for the distribution. Overall the mean has a greater impact 
than the variance on the MFD shape. The variance influence increases as the average distance between detectors and 
signals reduces. 
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Figure 5: Comparison of trajectories-based approach and virtual detectors data. a: uniform detectors repartition over a whole section; b: regular 
detectors repartition; c: uniform detectors repartition between 75m and 150m from the section’s signal; d: uniform detectors repartition between 
75m and 25m from the section’s signal. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 6: Normal detectors distribution, 8 different runs all with a 30m mean and 25m variance. 
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Figure 7: Normal distribution of detectors for several variances.  a:  Mean = 30m and Variance between 5 and 25m; b:  Mean = 100m and 
Variance between 5 and 25m. 
5.2. Detectors versus trajectories-based approaches 
The trajectory-based approach allows the computation of an MFD that is almost identical to that obtained with 
the analytical approach. 
It is also possible to obtain an MFD by using detectors, but the resulting curve is likely to be scattered. Some 
detector distributions, such as uniform distribution, produce better results. To obtain an MFD close to that obtained 
with the trajectory-based approach, it is important to take into account the diversity of traffic situations observed. On 
our network this means a more regular distribution of detectors over the entire length of a section. 
What is interesting here is that it appears possible to link MFD shape alterations, caused by shifts toward the FD 
for the congested state, to detector positioning characteristics, as in the case when the detectors are too close to the 
signals. 
 
6. Conclusion 
In this paper, MFD estimation is firstly considered for simple and regular networks. The production method, i.e. 
based on vehicles trajectories, accurately reproduces the results given by the reference method, i.e. the analytical 
one. Thus, the production method can be applied to more complicated situations in order to evaluate the efficiency 
and the consistency of other estimation methods like those based on loop-detectors data. A thorough analysis was 
conducted to determine the influence on the MFD estimation of the number and the positions of loop detectors. 
Several cases of studies were considered. When all loop-detectors are at the same distance from traffic signals, 
estimated MFD really differs from the expected one. Indeed, since every detector captured similar traffic situation, 
the result is close to the corresponding punctual fundamental diagram clipped to the road capacity rather and does 
not reproduce the expected MFD. Subsequently, the study of uniform and normal distributions for loop detectors 
positions shows that the more detectors are spread across the section length better the MFD estimation is. 
From those results we can draw some recommendations regarding loop-detectors positioning. They have to cover 
as different traffic situations as possible: upstream, downstream of traffic signals and in the middle of the section. In 
that case, the resulting MFD can properly be determined. When estimating the MFD if the coverage of the network 
by the loop-detectors has hole, the obtained MFD may present a non-uniform bias. This should be avoided at all cost 
since it can’t be corrected nor taken in account. 
From those results recommendations can be drawn with regards to loop-detectors positioning. They should detect 
as many traffic situations as possible, i.e. upstream and downstream of traffic signals and in the middle of the 
section. In that case, the resulting MFD can properly be determined. Note that non sufficient coverage for loop-
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detectors may introduce a non-uniform bias in MFD estimation. Furthermore, such a bias is hard to detect in practice 
because the production method is not always applicable. 
The production method is suitable to carry on further studies on the MFD sensibility as it can be applied to 
network of any shape. Thus, disparities in signal timing and block length can be investigated. We also plan to test 
meshed networks in order to identify the impacts of flow heterogeneity and demand repartition on the MFD shape. 
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